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QUADRUPLE BEST PROXIMITY POINTS OF 
Q-CYCLIC CONTRACTION PAIR IN ABSTRACT 
METRIC SPACES 


V.O. OLISAMA, J.O. OLALERU AND H. OLAOLUWA 


ABSTRACT. We introduce the concepts of quadruple best proximi- 
ty point and Q-cyclic contraction pair and prove the existence and 
convergence of quadruple best proximity points in abstract metric 
spaces. The results are extension of known results in coupled and 
tripled best proximity points in literature. Examples are given to 
illustrate our main result. 


1. INTRODUCTION 


Let (X,d) be a metric space and T' a self-mapping on X, the fixed 
point theory, which is the theory on the existence of solution to the 
equation of the form T'r — z, is a very interesting area of research in 
Functional Analysis which has fascinated many researchers since 1922 
with the celebrated Banach fixed point theorem. This theorem pro- 
vides a technique for solving a variety of applied problems in economics, 
mathematical sciences and engineering. Banach contraction principle 
has been generalised in different directions in different spaces by re- 
searchers over the years. (See, for example, [11,20,21,22,25,26,27,28] 
and all the references therein). 

If the contractive operator T' is a non-self mapping in one dimension, 
ie. T: А — B, Т may not have a fixed point. It is therefore of in- 
terest to determine an element z called the best proximity point that 
is in some sense closest to Tx which trivially becomes a fixed point if 
T is a self mapping where A, B are nonempty subsets of X. Natural- 
ly, d(z, Tx) > d(A, B) for all х, where d(A, B) = inf(d(z,y) : x € 
A, y € B}. A best proximity point theorem offers sufficient condi- 
tions for the existence of an element x, satisfying the condition that 
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d(x,Tx) = d(A, B) which is the optimal solution. 

One of the most interesting results in this direction is due to Fan [6], 
where he introduced and established a classical best approximation the- 
orem, that is, if A is a nonempty compact subset of a Hausdorff locally 
convex topological vector space B and Т: A > B is a continuous map- 
ping, then there exists an element x € A such that d(x, Tx) = d(T x, A). 
Fan's results was improved upon due to their shortcomings. Best ap- 
proximation theorem only ensures the existence of approximation so- 
lutions, such results need not yield optimal solutions. But the best 
proximity point theorem provides sufficient conditions that ensure the 
existence of approximate solutions which are also optimal. 

Afterwards many authors such as Eldred and Veeramani [5], Kirk, 
Reich and Veeramani [16] and Mihaela [18] have derived extensions of 
Fan's Theorem and the best approximation theorem in many directions. 
Significant best proximity point results are in [5,6,16,17 | and other 
references therein. 

In 1987, the notion of coupled fixed point was introduced by Guo and 
Laksmikantham [8]. Later, Bhaskar and Laksmikantham [7] introduced 
the mixed monotone property for contractive operators of the type 
F : X x X — X, where X is a partially ordered metric space. They 
also, as an application, obtained the existence and uniqueness of the 
solution to periodic boundary valued problems. For more results in 
this area see [1,7,8,18,19,20,30]. 

In 2011, Berinde and Borcut [3] introduced the concept of tripled 
fixed point in partially ordered metric spaces and extended both the 
results of Gnana-Bhaskar and Laskshmikantham [7] and Sabetghadam 
et al. [28] to the case of contractive maps of the form F : Xx Xx X > X 
using the contractive condition similar to the one used in [28]. For more 
results in this area see [2]. 

The notion of fixed point of order N > 2 using a the concept of 
F-invariant set was first introduced by Samet and Vetro [29]. Results 
involving partially ordered metric spaces and cone metric spaces were 
derived. Also, Olaleru and Olaoluwa [23] gave some results on multi- 
ple fixed points theorems in abstract metric spaces and Olaoluwa [24] 
introduced a definition more general than the ones in [29]. 

In 2012, Karapinar[13] applied a map in four dimensional spaces to 
prove some fixed point theorems in nonlinear contractive maps with no 
mixed monotone property. After this, more results on quadruple fixed 
point theorems were established in partially ordered metric spaces with 
mixed monotone property. Karapinar et al.[15] proved the quadruple 
fixed point theorems under ¢-contractive conditions for a mapping F : 
X* — X in ordered metric spaces. For more results, see [12,14,17 ]. 
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If the contractive map Ё is a non-self mapping, i.e. F : Ax A > В, 
then a coupled best proximity point (2, y) is defined by d(x, F(x,y)) = 
d(y, F(y,x)) = d(A, B). This concept was introduced by Sintunavarat 
and Kuman [31] who proved the coupled best proximity theorem for 
cyclic contractions. Their results were extended and generalised in 
[9,22,23 | by using interesting contractive conditions similar to Hardy 
and Rogers [10] and Sabetghadam et al. [28]. 

Very recently, Cho et al.[4] introduced the notions of tripled best 
proximity point and cyclic contraction pair. They established existence 
and convergence theorems of tripled best proximity points in metric and 
uniformly convex Banach spaces. They also obtained some results on 
existence and convergence of tripled fixed point in metric spaces and 
gave illustrative examples of the theorems. 

Motivated by the results of Samet and Vetro [29], Cho et al. [4] 
and Karapinar et al. [15,] we introduce the notion of quadruple best 
proximity points of Q-cyclic contraction pairs under the contractive 
conditions analogous to those used in [28]. The maps are defined on 
abstract metric spaces having the property of uniformly convex Ba- 
nach spaces. Our results extend and generalised the results mentioned 
above. 


2. PRELIMINARIES 


In this section, we give some definitions and concepts related to the 
main results of this article. Throughout, we denote by N the set of all 
positive integers and by R the set of all real numbers. 

Let E be a Banach space 

(1) a subset С of E is called convex if for any pair of point х,у € E the 
closed segment with the extremities x, y, that is the set (Az + (1 — A)y : 
A € [0, 1]] is contained in С. 

(2) E is called strictly convex if for all х,у € E, x # y, such that 
12| = |ly|] = 1, we have ||Ax + (1 — A)y|| < 1 VA € (0, 1). 

(3) E is called uniformly convex if for each e with 0 < e € 2, there is 
а (є) > 0 such that whenever ||z|| = ||yl| = 1, and ||x — y|| > e, the 
inequality ||| < 1 — (e), holds for all х,у € E. 

Thus, a Banach space is uniformly convex if for any two distinct points 
x and y on the unit sphere centred at the origin, the midpoint of the 
line segment joining z and y is never on the sphere but is close to the 
sphere only if z and y are sufficiently close to each other. 

Examples of uniformly Banach space include: Hilbert spaces and [, 
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spaces, 1 « p « oo. 

Note that a uniformly convex space X is strictly convex but the con- 
verse is not true. 

(4) E is called reflexive if it coincides with the continuous dual of its 
continuous dual space. The dual space E* consists of all continuous lin- 
ear functional 

F : E => R. Examples of reflexive Banach space include: Hilbert 
spaces, finite dimensional normed space, uniformly convex Banach s- 
pace, and 1, spaces, 1 < p < оо. 


Definition 2.1 ([31]). Let A and B be nonempty subsets of an ab- 
stract metric space (X,d). The ordered pair (A, B) is said to satisfy 
the property UC if the following holds: 

if {xn} and {zn} are sequences in A and {ул} is a sequence in B such 
that d(£n, Yn) > d(A, B) and d(z,, Yn) > d(A, B), then а(х, Zn) > 0. 


Example 2.2 ([31]). Here are examples of pairs of nonempty sub- 
sets (A, B) satisfying the the property UC: 

(1) Every pair of nonempty subsets (А, B) of an abstract metric space 
(X, d) such that d( A, B) — 0. 

(2) Every pair of nonempty subsets (A, B) of a uniformly convex Ba- 
nach space X such that A is convex. 

(3) Every pair of nonempty subsets (A, B) of a strictly convex Banach 
space such that A is convex and relatively compact and the closure of 
В is weakly compact. 

(4) ) Every pair of nonempty subsets (A, B) of a reflexive Banach s- 
pace such that A is convex, every bounded sequence in A has a weakly 
convergence subsequence, and the closed unit sphere S of B is weakly 
compact. 


Definition 2.3 ([31]). Let A and B be nonempty subsets of an ab- 
stract metric space (X, d). The ordered pair (A,B) is said to satisfy 
the property СС“ if (A, B) has property UC and the following holds: 
if (x, and {zn} are sequences in A and {yn} is a sequence in B satis- 
fying: 

(1) dlen yn) > d(A, B) 

(2 )For every € > 0 there exists N € N such that 


dl fasta) > d(A, В) +€ 
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for all m >n >N, 
then, for every є > 0, there exists № € N such that 


A(Lm; Zn) > 4А, B) +€ 


for all m > n > Nj. 


Example 2.4 ([31]). Here are examples of pairs of nonempty sub- 
sets (A, B) satisfying the property UC*: 

(1) Every pair of nonempty subsets (A, B) of an abstract metric space 
(X, d) such that d( A, B) — 0. 

(2) Every pair of nonempty subsets (A, B) of uniformly convex Banach 
space X such that A is convex. 


Sintunavarat and Kuman [31] introduced the notion of cyclic contrac- 
tions as follows: 


Definition 2.5([31]). Let A and B be nonempty subsets of a metric 
space X and let F : A x A — B and G : B x B — A be two maps. 
The ordered pair (Р, С) is said to be a cyclic contraction if there exists 
o € [0, $) such that 

d(F(z, 27), Обу, v')) < $(d(z, y) + d(x’, у] + (1 — a)d(A, B) (2.1) 

for all (x, z") € A x A and (y, y) € Bx B. 


As mentioned earlier, Samet and Vetro [29] introduced a fixed point 
of order N > 3 using the concept of F-invariant set. In particular, they 
gave the following definition of fixed point of order N — 3. 


Definition 2.6([29]). An element (x,y,z) € X? is called a tripled 
fixed point of a given mapping F : X? > X if x = F(zx,y,z) у = 
F(y,z,x) and z = Ё(,х, у). 


Recently, in an attempt to extend the tripled fixed points to nonself 
mappings, Cho et al. [4] introduced the tripled best proximity point 
for cyclic contractions. They adopted the definition of tripled fixed 
points given by Berinde and Borcut [3], defined for maps with mixed 
monotone property: 


Definition 2.7 ([3]). Let A and B be nonempty subsets of a metric 
space X and Е: Ax Ax A— B. A point (x,y,z) € Ax Ax A is 
called a tripled best proximity point of F if 

d(x, F(v,y, z)) = dy, Fy, #,y)) = 42, F(z, y, x)) = d(A, B). 
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'They proved the existence and convergent of tripled best proximity 
point for the following cyclic contraction map: 


Definition 2.8([3]). Let A and B be nonempty subsets of a met- 
ric space X and F : A? + B and С: B? — A. The ordered pair (Е, С) 
is said to be a cyclic contraction if there exists a € [0, 1) such that 

d(F(z, y, 2), G(u, v,w)) < $|d(z, u)--d(y, v)--d(z, w|--(1—o)d(A, B) (2.2) 
for all (x,y,z) € A? and (и, о, ш) € В?. 


Theorem 2.9[(3)]. Let A and B be nonempty closed subsets of a 
complete metric space (.X, d), such that (A, B) and (B, A) satisfy the 
property СС". 

Let the pair (РЕ, С) of maps F : A? — B and С: B? > A be a cyclic 
contraction in the sence of Definition 2.8. If (£o, уо, zo) Є A’, define 
the sequence {xn}, {yn}, (24) in X by 


Хәпһ+1 = Е (Zan, Yon; Zon) ; U2n41 = Е (Yon, Len, Yon); Z2n+1 = F (Zan; an; Ton) 


and 
LIn4+2 = G(xon41; U2n--1; Z2n41) > U2n42 = С (уһ, Ж2п+1› U2n41); 

Zon42 = G(Zan41, Yont1, 42n41) Vn € NU {0}. F has a tripled best 
proximity point (p,q,r) € A? and G has a tripled best proximity 
point (p',g',r' € B?. Moreover, we have zo, — p, Yon — q, Zən — 
T, Жоһ+1 — qx c Ч and Zany > 7”. 

Furthermore, if p = q =r and р = q' = r', then 





d(p, p) + d(q,q') + d(r,r") = 3d(A, В). 


As a consequence of the above result, Cho et al. [4] gave the following 
corollary: 


Collollary 2.10[(4)]. Let A and B be nonempty closed convex subsets 
of a uniformly convex Banach space X and F: А? B,G: BB+ A 
be two mappings such that the ordered pair (F, С) is a cyclic contrac- 
tion. For any (29-yo, 20) Є АЗ, we define the sequence {£n}, {yn}, {2n} 
in X by 


Хәһ+1 = F (Gon, Yon, Zon) ; U2n41 = F (Yon; fan, Von); Z2n+1 = F (Zon, Yon, Lan) 


and 
Van42 = G(Z2n44; Yant+is Zon41) > U2n42 = G(Yyon41; T2n+1, Y2n+1); 

Zon42 = G(Zən+1; Y2n+1; Хт) Yn € N U {0}. F has a tripled best 
proximity point (p,q,r) € A? and G has a tripled best proximity point 
(p', q', r') € B? Moreover, we have zo, — p, Yon > q, Zan © T, Хәл > 
p ут — 9 and zo444 > T”. 
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Furthermore, if p = q = r and р = q' = r!, then 


d(p, p) + d(q,q') + d(r,r") = 3d(A, В). 


We recall the following definition from [14]. 


Definition 2.11 ([14]). Let X bea nonempty set and let Е: X* > X 
be a given mapping. An element (z,y, z,w) € X x X x X x X is called 
a quadruple fixed point of F if 

F(xz,y,z,w) =x, F(y,z,w,£) = у, F(z,y,z,w) = z, and Pw x,y,z) = 
w. 

We now introduce the definition of quadruple best proximity point as 
follows: 


Definition 2.12. Let A and B be a nonempty subset of an abstrac- 
t metric space and let F : At — В be a given mapping. А point 
(x,y,z, t) € Af is called a quadruple best proximity point of F if 

d(x, F(x,y, z, t)) = d(y, F (y, z,t,2)) = d(z, F (z,t,£,y)) 

= d(t, F(t, z,y, z)) = d(A, B). 

Remark. Definition 2.12 reduces to quadruple fixed point if d( A, B) — 
0. 


We introduce the notion of T-cyclic and Q-cyclic contraction pairs 
in three and four dimensions respectively: 


Definition 2.13. Let A and B be a nonempty subset of an abstract 
metric space X and F : A? — B and С: B? — A. The ordered pair 
(F, G) is said to be a T-cyclic contraction if 

d(F(z,y, 2), G(u, о, ш)) € [aid(z, и) + asd(y, v) + asd(z, w)] 

+ (1 — n)d(A, B) (2.3) 

for all (x,y,z) € A? and (и, о, ш) € В?, where a;, i = 1,...,3 are non 
negative real numbers such that у Gp qe 1. 


Note that if (Е, С) is a T-cyclic contraction pair then (С, F) is also 
a T-cyclic contraction pair. If we take ај = аз = аз = з in Definition 
2.13 then we get Definition 2.8. 

Definition 2.14. Let A and B be a nonempty subset of an abstract 
metric space X and F : Af > В and С: Bt — A. The ordered pair 
(F, G) is said to be a Q-cyclic contraction if 

d(F (x,y, z,t),G(u, v,w,a)) € [aid(z, и) + agd(y, v) + asd(z, w) 

+ a4d(t, a)] + (1 — n)d(A, B) (2.4) 
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for all (z,y,z,t) € Af and (u,v,w,a) € В“, aj, i = 1,...,4 are non 
negative real numbers such that У, а =7 < 1. 


Note that if (FG) is a Q-cyclic contraction pair then (С, F) is also 
a Q-cyclic contraction pair. 

The following examples show that T-cyclic and Q-cyclic contractions 
are generalisations of cyclic contractions. 


Example 2.15. Let X = R with the usual metric space а(х, у) = 

| z—y| and let A = [2,6] and B = [-6, -2]. We see that d(A, B) = 4. 

Define F : A? 2 B and С: B? > A by F(z,y,z) = 22230-2 and 
—2:—3y—4z-F6 

G(r,y,z) = SS 


For arbitrary (x,y,z) € А? and (u,v, ш) € B®, and fixed n=}, we get 


d( F(z, y, 2), G(u, v, w)) 

| ми ced 

?| zz] за ed р] +1 

Lax, is idly, + ide, ш) +(1—%)х4 

= ae u) + asd (usd ) + aad(z, w)] + (1 — q)d(A, B). 


Observe that a1 + a2 + аз = = 3. 

This implies that (FG) is a T-cyclic оой with n = 
(2.3) above holds with the constants a; = %, az = 1, аз = 
It is obvious that (F, С) is not a cyclic contraction and does not satisfy 
2:2. 

Suppose F satisfies (2.2), let x = y Æ 2,0 = v ш in (2.2). Precisely, 
taking ж = y = 0,2 = 6 and u = о, ш = 6 in (2.2), we get H < 1 а соп- 
tradiction. This proves that F does not satisfy (2.2). Hence T-cyclic 
contractions are generalisations of cyclic contractions. 











a I^ Il 


3. See that 
1 
3° 








Example 2.16. Let X = R with the usual metric space а(х, у) = 
| z— y| and let A = [3,6] and B = [6, -3]. We see that d(A,B) = 6. 
Define F : At 2 B and С: Bt > A by F(z,y, z,t) = == 4S 
and (5,0. 2,4) = TERTIUM 
For arbitrary (z,y,2z,t) € В? and (u,v,w,a) є A‘ and fixed n=2, we 
get 
d(F (ж, y, z,t), G(u, v, w, a)) 
2—3у0—42—21—6 __ d 

Р ЕЕЗ, 
F3| 22| +4 = F2 t + J 
z,u)-4- td(y,v {н +14(е, ш) + gd(t, a) + (1— 2) x6 
T, u) ЕЈ аза(у, v) + “agd(2, w) + a4d(t, a)| + (1 e 1)d(A, В). 











I^ || 
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Observe that a; + a3 + аз + ад = N = 5, 

This implies that (F, С) is a Q-cyclic contraction with rj —2. 
It is also obvious that (F,G) is not a cyclic contraction. Hence, Q- 
cyclic contraction is more general than cyclic contraction. 

The following Lemmas which are analogous to tripled best proximity 


point in [4], play an important role in our main result. 


Lemma 2.17. Let A and P be nonempty subsets of a metric space 
(Х,а) and let F : 44 + B, С: B* — A be two maps such that (Р, С) 
be a Q-cyclic contraction. If for 
(zo, Yo, Zo, to) € A*, we define 
ogg = F (Ton, Jon; Zon; ton) ; 
U2n41 = F (Yan, Zən, Ёт, Zan) ; 
Z2n-1 = F (yos; ton, Tn, Yon) 
ton =F (tən, Lon, Yon, 2n) 


and 





? 


за = G(Lon+1; Y2n+1; Z2n+1; t2n+1) 3 
U2n42 = G(Y2n+1, Zang1, bondi, X224) ; 
22n42. = С (оа Ton yi Congas Y2n+1) ; 
tən+2 = С (Еп, Xon; Y2n+1; Z2n+1) 
Yn € NU {0}, then 

d(Xon, X2n41) > 4А, B), а(уһ, уһ) > A(A, B), d(zon, zon41) — d(A, B) 
and d(to,, 541) = d(A, B). 


























Proof. For each n € N we have 
d(X2n, Lon41) 
= d(F (Zon, Von Z2n, bon) Cross Von p Son a t2n—1) 
< ajd(Xon, X251) + A2d(Yon, Yan—1) + azd(Zən, Zan—1) + aad(ton, ton—1)] 
+(1= n)d(A, B). 
а(уәһ, U2n41) 
= d(F (Yon, Z2ns ton, Ton), G (Yan 1: 42n—1; ton 1, әп 1)) 
X a1d (Yon, Yon—1) + a2d( Zon, 2951) + Agd(ton, ten—1) + @4d(Xan, X251) 
+(1 —17)d(A, B). 
d( Zən, Z2n41) 
= d( F (zən, bons oues. GU a. t2n—1; T2n—1, /әп—1)) 
X aid(Zon, Z2n-1) + aad (ton, ton—1) + azd(Tən, Lon—1) + asd(Yən, Y2n—1) 
+(1 — n)d(A, B). 
And, 
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й( ол, Z2n41) 

= d( F (Zon, Zon, Yn, Zon) Gon од 1; Vog 1 29n 3) ) 

< a1d(tos, ton—1) + a2d (Lon, X951) + aad(yon; Yon—1) + a4d( Zən, Z2n—1) 
+(1 — n)d(A, B). 


Now, let dan = d(x25, 32541) +d (Yon; Yon41) +d (Zan, Zan41) +d (tan, ton+1), 
by taking the sum of the inequalities above, we get 
don < (ay + a» + аз + a4) d2n—1 + 4(1 = п)а(А, В). 
= 10021 + 4(1 — n)d(A, B). 
Similarly, we have 
do, 1 € (ау + a2 + аз + a4)do, 5 + 4(1 — n)d( A, B). 
= nda,» + 4(1 — n)d(A, B). Hence 
don < ndan-1 + 4(1 — n)d(A, B) 
< n[ndon_2 + 4(1 — n)d(A, B) + 4(1 — n)d(A, B)] 
< n dos E 4(1 p 0)(1 ЗН 1)d(A, B) 
< ndo,» + 4(1 — 7°) d(A, B) 
SL du 
dy, < do А(1 — р) (А, B). 
| Tn, Y2n; әт tən = A Thus 








Хәп+1, Y2n+1; Z2n+1; пк Є В 


d(A, B) < dps tuu), d(A, B) < A(Yon, Uns) d(A, B) < d(z2n, Zn+1) 
and 

d(A, B) K A(tan, tn+1) Vn. 

Hence, 4d(A, B) < don. 

Consequently, "do + 4(1 — n")d(A, B) > do > 4d(A, B). 

Letting n — oo, lim, ,44d5, = 4d(A, В), i.e. 

lim, оо |d(z2, 2441) + (Уһ, Vani) + d(Zon, 2241) + d(ton, t2541)] = 
Ad(A, В). 

Since each of the 4 terms d(zo,, 2541); (уол, Yon+1); d(22n; 22441) and 
(ton, 19543) 





d(Xon, 15534) = d(A, B) 
B 


are greater or equal to d( A, B), it follows that P о zs a B) 
2n: 22п+1 ; 


d(t»,, ton+1) — d(A, B). 


Lemma 2.18. Let A and B be nonempty subsets of a metric space X 
such that (A, B) and (B, A) have a property UC and Е: At > B and 
С: B* > A be two maps such that (F, С) be a Q-cyclic contraction. 
If for (zo, yo, zo, to) € А“, we define 
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E2541 = F (Ton, Vm, Zən, ton), 
U2n-1 = F (yos; 22n, ton, Tən), 
Zon+1 = F (Zon, tony Ton, Von); 
ton41 = F (tən, Ton, Yon, Zan) 
lxo412 = G(Lon41, Yontis ткі, $2241); 
Yont2 = G(Y2n+1, Z2n+1; Ёт, Lon41); 
Zone = G(Zon41, lon, Ету, Уот), 
lonq3 = Gba ton pis Y2n+1; Z2n+1) 
Yn € NU {0}, then for e > 0, there exists a positive integer No such 
that for all m > n > Ng 
a1 d(L2m, 32541) + a2d (Jom; Yonti) + Gad (22m; Z2n41) + aad (tor, ton+1) 
< d(A, B) + є. (2.4) 


, and 





























Proof. By Lemma 2.17, we have d(ro,, x5441) > d(A, В), 

d(Xan41, 12542) ж d(A, B), d(yn, U2n41) =» а(А, В), 

d(Yən+1, Yon+2) же d(A, B), d( Zən, Z2n+1) = d(A, В), 

d(Zan41; 22n42) — d(A, В), d(tan, ton+1) — d(A, B) and 

d(tən+1, ton+2) LI d(A, B). 

Since (A, B) has a property UC, we also have d(2n, 12442) — 0, 
A(Yons Yan+2) — 0, d(Z2n, 29443) — 0 and d(ton, һә) — 0. 

As (B, A) has a property UC, we also have, 

A(Lon41,L2n43) — 0 (уһ, Yon+3) — 0, 

d(Zan41; Zon+3) — 0 and A(ton41, ton+3) — 0. 

Suppose that (2.4) does not hold. Then there exists € > 0 such that 
for all k € N, there is m, > n; 2 k satisfying 

a1d(x2m, , Ln, 41) - a2d (255, › Lon, +1) T 03d (225, > 355,21) - 04d (255, > 155,41) 2 
d(A, B) + €. 

We can choose m; in such a way that it is the smallest integer with 
mj > n, and satisfying the relation above. 

Then, a1d(zon, 2, Lan, 41) + A2d(Yom,—2; Yang ti) + G3d(2om,—2, 20пь+1) 
+ a4d(tom,—2; ton,-+1) < d(A, H) +e. 

Therefore we get, 

d(A, B) i ess a1 d(Lam, , T2541) + аз@(уәт› 125,441) 

+ a3d (2o, ; Zn, 41) + GAY (tom, 5 025, 41) 

< ds d arms 335,2) dom, 2; Арт) 

T 82 [d(yom, ; U2m,,—2) ELS A(Yom,—2; U2n441)] 

T a3 [d(zom, MEN T di 235.3; Zan,+1)| 

+ a4|d (tom, , tom,—2) + dlt2mk-2, t25,41)] 

< аза (әз 255-9) p ard (Yom, , Yom,—2) 

+r аза(2әт,› 209-22) + a4d(tos, , tom,—2) + d(A, B) + e. 

Letting k — oo, we have 
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a1d(x2m, , T2441) + azd(Y2m,» Y2n,41) Es a3d(Zom, ; Z2n,+1) 
+ a4d(tom,, 25, 11) — d(A, B) + e. 

By triangle inequality, we have 

a1d(Zom,; 25,41) + a2d(Uom, Ут) + аз@(2әть; 21) + 








+42[d(Yormys Vom, +2) + d(U2m, +2) Y2ngt3) + d(Uan, 3; Yonp+1) 














+44|d(tam,;tam,+2) + (оњ, 42, 125,43) + d(ton, +з, bon, +1) 
= ex dom. Someta) + d(G (Lom, +1, Y2mp+1; omis Гота): 
F (225,42, U2n442; Z2n442; ban, +2)) + d(22, x43, Lon,+1)] 
-Faa|d(yom, Уто) + d(G (Y2m, +1, Фота, Poma 1s отр), 
F (yon, i2; Z2n4425 ®оть+2, 020442)) + (уһ +39 Yong +1) 
+43|[d( Zam, > 29m,42) + d(G(Zom, +1, tom, 1, Хот +1; Yom,+1)> 
F (Zong 42) оњ, Long +2 U2n442)) + (оп, ёта) 
+a4|d(tom,, әтә) + d(G(tom, 1, X2m4 +1; Уот +1, Z2mq41), 
F (tong +2) Long +2) U2ng2: 22n,42)) + d (ton 3; ton, +1)] 




































































d( 
+a3[d(Zam,; Zom,--2) + d(Zom,42; Z2np+3) + d(Zan, 43; 22n4,41)] 
d( 


asd (tom, , tong 41) 


< G3 [d( Lom, Lam, +2) + (әтә, Lon,43) + d(Xon, +3) Хоп) 


iat 


< aild(£om,, X2m,42) T Q4d(Xom, 41; Lan, +2) F azd(Y2m,+1; Yon, +2) 


+agd(Zom,+1, 22n,+2) + @4d(tom, +1, 0125,42) + (1 — n)d(A, B 





+(1 р 1)d(A, B) Jh; d(yzn, 35 Yon, +1)] + a3 [d (22m, Z2m,42) 








+asd(Yom,+1) U2n,42) т (1 ж 1)d(A, B) E d(22n,43; 22ny41)] 








Fd(5, 135 Ёопр+1)] 








+(1 —1?)d(A, B). 


As k — ov, we have 


) 


c-d(Zo5, 43; 22n,41)] + a»|d(ya, ; Yon, +2) Es Q1d(Uom, 11; Yon, +2) 
+42d( Zam, +1; 22m,+2) + O34 (tom, +1; tong t2) + aad (om, +1, 1284,42) 


+41 (Zam, +1, 22n442) + a2d(t2 къл, ton, +2) + A3d(Lom,41, Lan, +2) 


+a4[d(tom,, әтә) + a1d(tom, 1, tony +2) + @2d(Lam,+1, Lan, +2) 
+аза(уоть+1› Yong +2) Te aAd(Zom, 1; Zon, +2) si (1 = 1)d(A, B) 


< Nd Barnes Жоть+2) + d(xo5, 13; Tm, +1) Dy d(yom, ; Уоть-+2) + d(yon, ca; Yon, 4-1) 
(о 29m, 38) + d(Z2m,+3; 2n, +1) Fdo s tom, 12) E099 аз оны) 
Hr? [d(zon, +1; 220,42) + (уот, U2n442) + (Zam, +15 2204,42) + (ота, 028,42) 


d(A, B) + € <7*[d(A, B) + є] + (1 - ?)a(A, B) = d(A, В) + те, 


which is a contradiction. Hence, 


G1d(Zom, X2n41) + a2d(yom; Ут) + azd(Zəm, Z2zn+1) + a4d(tom, ton+1) 


< d(A, B) + є. 


QUADRUPLE BEST PROXIMITY POINTS 13 


3. MAIN RESULTS 


Here, we state the existence and convergence of quadruple best prox- 
imity points for Q-cyclic contraction pairs on nonempty subsets of met- 
ric spaces satisfying the property of UC*. 


Theorem 3.1. Let A and B be nonempty closed subsets of a met- 
ric space X such that (A, B) and (B, A) have a property UC*, and 
F : At > B and С: Bt > A be two mappings such that the ordered 
pair (Е, С) is a Q-cyclic contraction. If (zo, yo, zo, to) € А“, define, 
X2544 = dias Yon, Z2n; Au 
U2n41 = F'(Yon, Zan; ton; Tan), 
Zan+1 = F (Zon, ton, Eon, Yan) ans 
tang = F (Tos Жол, Y2n, 225) 


Longe = G(Lon41, Yonti, Z2n41; tongs); 

U2n42 = G(Yon41, Zan41, toni, Хот), 
2onp2 = Gon ty Uo 1 994 Y2n+1), 
опо = G(ton+1, Xon; Y2n+1; Z2n41) 


Vn € NU(0). Then, F has a quadruple best proximity point (l, j, k,r) € 
A‘ and С has a quadruple best proximity point (I’, 7’, К, r’) € B*. More- 
OVeb Tan > l, Yan ho xe k, tn Tou > l, Ymy > 
J, ёп — KE, һа — 1’. In addition, if | = j = k = r and 
l = ]' = k' = “then 

d(l, l) + d(j, j) + dlk, K') + d(r,r’) = 4d(A, B). 


























Proof. From Lemma 2.17, we have d(£ən, 12441) > d( A, B), and 
d(x2541, X2n42) — d(A, B). Since (A, B) satisfies property UC, we get 
(Жол, Жоо) — 0. Similarly, we have d(£ən+1, 22443) — 0 because 
(B, A) satisfies property UC. 

We now show that for every є > 0 there exists № € N such that 


d(Xom, X241) < d(A, B) +E (3.1) 


for all m » n » М. 
Suppose (3.1) does not hold, then there exists є > 0 such that for all 
k € М there exists m; > nj > k such that 


domi Bony) > d(A, B) + є. (3.2) 


Now we choose mę in such a way that it is the smallest integer with 
mj > n, and satisfying the inequality above. We get 
d(A, B) px < d(to5, , Lon,+1) 
< d(2ogm,; Lom, =2) + d(1om,-2; 25,41) 
< (25,5 Жоть—2) ЭТ d(A, B) + є. 
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Taking k — oo, we have d(Xam,,Zon,4+1) > 4А, В) + є. By Lem- 
ma 2.18, there exists N € N such that 
aid (Lam, , Ln, +1) аз (угт, Yon, +1) F G3d(22m, » Z2n,+1) Һал (tom, ; ton,+1) 
< d(A, B) + « (3.3) 
for all mj, > ng > N. By triangle inequality, we have 

d(A, B) TES d(zom, ; 120,41) 

X d(Zam,; Lam,+2) + d(Z2m,42; , 12,43) + d(Z2n,43; X2n441) 

= doni tomue] GU om pis ау Ao mec om 3); 

Е (Lan, 12; Узпь+9, 22n4 +2; 02n442)) + d(X2n, 43; 125,441) 

< d( Lom,» Lom, +2) p a3d(xom, 41, Lom, +2) T azd(Y2m,+1; Yon, +2) 
+a3d(Zamp+1) Zong +2) Г алй(оль+1, 125,42) T (1 E n)d(A, B) 
+d(Xon,43, әп) 
= a [d(F (Lom. Von ons Cis s О (Tonp+1; Уоть+1› onetime CL) 
*Fas|d C P (Yo, soma tories Tomp) G (ong E Som, 415 он А V2np+1)) 
*Faa d (29 Comes £2m, Vom)» G Zing i Pony Tony Y2np+1)) 
"Edad I" (Eng s drops Uo #2ть)), Cr (®опь+1, Done is Vom Es 22пь+1) 
+( = 1)d(A, B) + d(Lom,, Z2m42) F d(zon, 43; Long 41) 
< а1[010 (22, 225,41) + a2d(Uom, ; Yong +1) + Gad (Zom, , 220,11) 
T44 (tomy; ton, 41) + (1 ms n)d(A, В) 
-Fas|aid(yam, 2n, 41) + a2d(Z2m,; Zangt1) + аз@( оњ, 25,11) 
+a4d(Xam,,Lan,41) + (1 — 7) (А, B) 
+аз[а10(22,, 22пь+1) + G24 (tom, 125,41) + G3d (14, Lon,41) 
+ад@(уәть» Уоль+1) + (1 — 7) (А, B) 
c-a4[a1d(toy, tony+1) + a2d(X25, , 325,41) + аз@(уәт Узпь+1) 
































| 
| 
| 
)| 








man 























x a4d(Zomk; Zonk41) T (1 e 1)d(A, В)] x (1 zz 1)d(A, B) 
+d(Xam, ; don 33) "dE A( Lon, +35 Жоль+1) 
= T[d(zon,; X2n,41) + (уот әп) 
-Fd(Zom; ; 29641) + (tome Ton, +11 + (1 E 1? )d(A, B) 
+d(Xam, ; Lom, +2) T A( Lon, 43; Long +1) 
< n’(d(A, B) F €) + (1 m ?)4( А, В) T d(Lomp, X2mj 42) 
T-d(xo5, 43, Tonga) 
= ne + d(A, B) gg d(X2m, , X2mj.42) xn d(x2n, 3; Lip ee DB 
As k — oo, we have 
d(A, B) -- e < d(A, B) + тє. A contradiction, hence the condition 
(3.1) holds. Since (3.1) holds, and d(ro,,r24411) — d(A, B), by us- 
ing property UC* of (A, B) we obtain а(х, 2әп+1) — d(A, B) then 
d(xo,, эт) — 0. Hence, (z5,) is a Cauchy sequence. Similarly, we can 
show that {Yan}, {Zan}, {tan}, 
{®onsih}, {Уп}, (2241) and (t2441) are Cauchy sequences. 
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Thus there exists l, j, k, r € A such that 
{ton} > l, {yon} > j, {Zen} > k, {ten} ә т. We have 
d(A, B) < d(l, x24 1) < d(l, xo) + а(хәһ, L2n-1)- (3.4) 
Letting n — oo in(3.4), we have d(l, xo, 1) > d(A, B). Similarly, 
d(j, X2n—1) =z d(A, B), d(k, X2n—1) = d(A, B), d(r, X2n—1) — d(A, В). 
Then 
Dba Е'(1‚ j, k,r)) 





d(G(xon 1; Y2n-1,; Z2n 1, ton 1), F(L j, k,r)) 
a1d(x2, 1,0) + asd(yon 1, J) + asd(22, 1, К) 
-Fa4d(to, 1, r) + (1 xm 1)d( A, B). 

Taking n — oo, we have d(l, Е(1, j, k,r)) = d(A, B). Similarly, 

d(j, F(j, k,r,1)) = d(A, B), d(k, F(k,r,l,j)) = d(A, B), and 

dir F(r,l,j,k)) = d(A, В). 

Therefore, we have, (l, 7, k, r) is a quadruple best proximity point of 
F. By similar argument we can prove that there exists l’, j’, k',r' € B 
such that Жол > l’, тә — 3, 22941 > К', toga > T. 

Moreover, we have, 

dl, FW, j’, Кт) = ФА, B), dj, GG", Kn; U)) = d(A, B), 

d(K', G(K',r', 0,7) = d(A, B) and d(r’, G(r’, 1, 7’, k’)) = d(A, B). 

So (1, j', K', т") is a quadruple best proximity point of С. 

Finally, let | = j = k = r andl! = ј = К =r’, we want to show that 


ІЛ 1 


d(l, U) +4(3,7) + d(k, К) + d(r,r’) = 4d(A, B). 
For all n € №, we get 
dou; Sonst). = AG banca Mond Son c Ёоп—1), F (Tən, Y2n, Zon lon) ) 


Q10(Z25 1, Lan) + aad (yon 1; Yon) + a3d(Zon 1, Zon) 
-Fa4d(to, 1, tən) F (1 nr 1)d(A, B). 


Letting n — oo we have 





IA 


d(l, l) € ajd(l, l')-asd(7, 7’) +a3d(k, k')--a4d(r, r’)+(1—n)d(A, B). (3.5) 
For all n € N, we have 
(395: оь). = dG (Yoni, Zen 1; lon 1; Cana); F (Jon; Zən, 2n, Lon) 
X аа(уәһ-1, Yon) + a2d(2o5 1; Zan) + а3@(®оһ—1, ton) 
+a4d(Lon_1, Ton) + (1 = п)а(А, В). 


Letting п — оо we have 
d(j, 25) < a,d(j, j')--a»d(k, k')+asd(r, т") +ада(1, ')+(1—n)d(A, B). (3.6) 


Also, For all n € N 

d(2»4:24441) = dG (Zon diy lon 1398-3 Von 1) F Zən, bi, Ton, Won) 
a1 d(Z2n—1, 225) + a2d (tos 1, ton) + asd (225.1, Lan) 
-Faad(yon 1, Yon) + (1 — )d(A, B). 








IA 
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Letting n — oo we also have 
d(k, k^) € ayd(k, k')+azd(r, 1") -аза(1, l')+asd(j, J’) +-(1—n)d(A, B). (3.7) 


Finally, For all n € N 
d(tən,ton41) = | d(G(tos i, Xon i Yon—1; 222); F (tən, Lan, Уот, 22n)) 
<  aid(ton 3, ton) + G2d(Xon—1, Lon) + a3d(Yon—1, Yon) 
+a4d(Zon-1, Zon) + (1 = п)а(А, B). 
Letting n — oo we also have 


d(r, r’) < ajd(r, r^)--a»d(l, [)-asd(j, 3) +ала(к, k')+(1—n)d(A, B). (3.8) 


Summing (3.5), (3.6), (3.7) and (3.8) yields 
d(l, P) + d(j, j’) + d(k, k’) + d(r, 1’) 
< nd(l, l’) + nd(j, 9") + nd(k, К”) + nd(r, r’) 
(1 — g)d(A, В). 
Which implies that 
d(l, V) + dG, j') + d(K, к) + (т, т") < 4d(A, B). 
Since d(A, B) < 4(1,1), d(A, B) < d(j, 7’), d(A, B) € d(k, k’) and 
Lg 








d(A, B) € d(r, r^), we have 
d(l, V) + d(j, 7) + d(k, k’) + d(r,r') > 4d(A, В). 
Thus from (3.5), (3.6), (3.7) and (3.8), 











d(l, U) + dG, j’) + d(k, k’) 
This ends the proof. 


+ d(r,r’) = 4d(A, В). 


Corollary 3.2. Let A and B be nonempty closed subsets of a complete 
metric space X, such that (A, B) and (B, A) satisfy the property UC*. 
Let Е: Ax Ax AxA>B,G:BxBxBxB- А алпа (F,G) bea 
cyclic contraction in the sense of Definition 2.5, there exists, 
a € [0, 1) such that 
d(F(z, y, z, t), G(u, v,w,a)) € (2, и) + d(y, v) + d(z, ш) + d(t, a)] + 
(1 — o)d(A, В). 
If (20, Yo, 20), to) € Ax Ax A x A, define 

Хәһ+1 = F (xan, Yn, 22n) tən), 

Yori = F (Yon; Zan; tan; Tən), 

22n41 = F (Zon, ton, Lan; Yon), 

ton+1 = F (tn, Lan, Yan; Z2) and 

£2n42 = G(Xonii, Y2n+1; Z2n+1, онл), 

Yont2 = G (оњ, 22415 t2n+1, отл), 

Zon42 = С (2241, lonis Хоп, Y2n+1), 

12542 = G(ton41, X2n41, V2n41, 22n41) Yn € N U {0}. 
F has a quadruple best proximity point (x,y, z,t) € Ax Ax Ax A and 
G has a quadruple best proximity point (u,v,w,a) € Bx Bx Bx B 
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such that 


d(x,u) + d(y, v) + d(z, ш) + d(t, a) = 4d(A, B). 








Proof. Taking a, a2 a3 a4 1, the result follows from 
Theorem (3.1). 


Note that every closed subset A, B of a uniformly convex Banach space 
X such that A is convex and satisfies the property UC. Therefore, we 
obtain the following corollary. 


Corollary 3.3. Let A and B be nonempty closed convex subsets of a 
uniformly convex Banach space X, F : 44 > B and С: B* > A and 
the ordered pair (F, С) be a Q-cyclic contraction. If (xo, yo, Zo, to) € А“ 
and define, 

Jogo =F ons Yous on tn), 
Wut =F но t2n, Tən), 
Ванда = F (Zn, bon; Zən, ond 

bon tt = F (tən, Lon; уоп, Z2n) and 

Z2n42 = G(Lan41, Уьч, Zan41 t2n+1), 

опо = G (Y2n+1, Zan41) ton41, отл), 

Zon42 = G(Zon41, Ёоп+1› Фота, Ут), 

ton+2 = G(ton41, X2n 41; Уоп+1› Zan41) Vn E N U {0}. 
Then, F has a quadruple best proximity point (1, j,k,r) € А? and 
G has a quadruple best proximity point (l^, j', k’,r’) € B^. Moreover, 
Lon > l, Yon > j, Zn — k, ton >T, Dongi OU, zona — 7’, Zon4i > 
k', ton+1 >r. 
Furthermore, if l = j = k = r and l’ ej = k’ = r', then 
d(l, l) + d(j, j) + dlk, Е) + d(r,r’) = 4d(A, B). 























We give an illustrative example of Corollary 3.3 
Example 3.4. Consider the uniformly convex Banach space X = R 
with the usual norm. Let A = [1,2] and B = [-3, -2]. We see that 
d(A, B) = 3. Define Е: 44 > B and С: Bt 2 A by F(z, у, 2,1) = 
Sys and G(x,y,z,t) = 220-022-303. 
For arbitrary (x,y, z, t) Є B* and (и, v, w,a) € A* and fixed n=, 
we get 
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d( F(a, у, z,t), G(u, v, w, a)) 

= | зага Е 2x e 3t4-3 

«3 egre rst + | ese] ез| 5 +3 

= a(x, и) + La(y,v + 1d(z, ài + L(t, a)+ (1-2) x3 

= dG и) + оо ) = aad(z, w) + a4d(t, a)] + (1 — n)d(A, B). 
This implies that (F, С) is a Q-cyclic contraction with 0) =. 











Since A and B are closed convex, we get (A, B) and (B, A) satisfying 
the property UC*. Therefore, Corollary 3.4 holds. Thus, F has a 
quadruple best proximity point and G has a quadruple best proximity 
point. The point (1, 1, 1, 1) € Af is a unique quadruple best proximity 
point of F and the point (—2, —2, —2, —2) € B* is a unique quadruple 
best proximity point of G. Moreover, we get 


d(1,—9) 4-31; 22) у dO 29:12 — 4404; B). 


Example 3.5 Let X — E? with the metric 

d(z,y,z,t), (u,v, w,a) = max(| z- u|,| y—v|,| z-w|,| t—a| } and 
let A = {(x,1): 1 < x < 3} and A = {(z,3):1<2< 3}. We see 
that d(A, B) = 2. Define Е: At — B and С: Bt > A by 

d(F(z, 1), (y, 1), (2, 1), (£, 1)) = (£525, 3) and 

d(G(z, 3), (0,3), (2,3, (t,3)) = (HFE, 1). 

d(F(z, 1), (y, 1), (2, 1). (t, 1)), G(u,3), (0, 3), (ш, 3, (a, 3)) 

= a(t 3), ututwta, 1)) — 9, 

For all 7 € [0, 1), and Rum a; = 1 < 1, we get 

a4d(z, 1), (u, 3) + asd(y, 1), (v, 3) + asd(z, 1), (w, 3) + a4d(t, 1), (a, 3) 





+(1—n)d(A, В). 
—a,maz|(| x — u| ,2)] + ато [| y — v| ,2)] + азтах|{| z — w| ,2) 
+ атата) ,2)] + (1 — q)d(A, B) 

= 2(а\ F a2 + аз d a4) (1 — n)(2) 

= n+ (1—)(2) 











Remark. It has been shown that most of the coupled fixed point 
theorems are immediate consequences of the known fixed point results 
(вее[27,31]). But to the best of the authors’ knowledge, it is not in lit- 
erature that the coupled best proximity point result could be derived 
from their corresponding best proximity point results. Also, to the best 
of authors’ knowledge, non of the few results of coupled best proximity 
point in literature can be deduced from any of the best proximity point 
results in literature. 
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